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In this paper, an enhanced octree polyhedral scaled boundary finite element method (SBFEM) is proposed in 

which arbitrary convex polygon (pentagon, hexagon, heptagon, octagon etc.) can be directly served as boundary 

face elements. The presented method overcomes the existing SBFEM’s limitation that boundary face is strictly 

restricted to be a quadrangle or triangle. The conforming shape functions are constructed using a polygon mean- 

value interpolation scheme for polyhedral face. A highly efficient octree mesh generation technology is introduced 

to accelerate the progress of pre-treatment, wherein the mesh information can be directly used in the enhanced 

SBFEM. The accuracy of the proposed method is first verified using a beam under shear and torsion load. Another 

three more complicated geometries including a nuclear power plant structure, as well as two sculptures named 

Terra-Cotta Warriors and Sioux Falls Church are presented to demonstrate the application and robustness of the 

proposed method. The new method possesses appealing versatility and offers a swift adaptive capacity in mesh 

generation, which can provide a powerful technique for the simulation of complex geometries, rapid-design 

analysis and multi-scale problems. 
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. Introduction 

The finite element method (FEM) is a powerful computational tech-
ique used in numerical simulation that has been extensively applied
o structural analysis since it was first proposed. Moreover, a wide va-
iety of improvements and alterations to this method are continually
merging. The three-dimensional finite elements are typically tetrahe-
rons (four vertices and four faces) and hexahedrons (eight vertices and
ix faces). The hexahedron can degenerate into shapes with fewer ver-
ices, such as pentahedrons (five or six vertices and five faces), which are
ufficient for many applications. However, there is a growing need for
ore general polyhedral shapes with increasing geometric complexity

o include shapes that have an arbitrary number of vertices and faces. 
Polyhedral element shapes can provide more flexibility for mesh-

ng geometrically complex structures, which will enable a rapid design-
o-analysis paradigm. Finite volume methods based on polyhedral cells
ave reached a level of maturity in fluid dynamic simulations, as ev-
denced by their availability and use in commercial software [1,2] .
imetic finite difference (MFD) methods capable of handling general

hree-dimensional meshes have also been a topic of active research and
ave been successfully applied to diffusion, elasticity, and fluid flow
roblems [3–7] . However, the extension of the FEM to this field has
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een relatively slow despite the availability of special interpolation func-
ions. This progress has primarily been slow because these interpolants
re subject to restrictions on the admissible element geometry (e.g., con-
exity and maximum valence count) and can be sensitive to geometric
egeneracies. More importantly, calculating these functions and their
radients are often prohibitively expensive. The numerical evaluation
f weak form integrals with sufficient accuracy poses yet another chal-
enge due to the non-polynomial nature of these functions as well as the
rbitrary integration domain [8] . 

Polyhedral finite element formulations have only recently been pro-
osed in the literature [9,10–13] . We highlight several works that have
imed to overcome these barriers. In his ground-breaking theoretical
ork that has drawn widespread attention from subsequent researchers,
achspress [14] proposed polygonal rational shape functions for plane

roblems. However, this work was not extended to polyhedrons until
996 [15] and was then extended to only polyhedrons with triangu-
ar faces. Similarly, Wicke et al. [11] developed a formulation for con-
ex polyhedrons using mean-value coordinates where the faces were
estricted to triangles. The polyhedral finite elements [10,13,16] were
eveloped using the shape functions derived from meshless methods,
nd Idelsohn et al. [10] used non-Sibsonian coordinates that required a
ertain Voronoi construction within an element. To achieve numerical
ntegration, the polyhedron was first subdivided into tetrahedrons, and
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Fig. 1. Mean-value coordinates. 
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etrahedral subdivision was performed using the face centroids and the
entroid of the polyhedron. Then, element integration was performed
sing standard integration rules for tetrahedrons [17] . Milbradt and Pick
13] developed a formulation for both convex and non-convex polyhe-
rons using natural-element coordinates to construct the shape function.
hosh [18] developed the Voronoi-cell FEM using a stress-based finite
lement approach. In this formulation, the shape functions were con-
tructed using a polynomial basis optimised for smoothness. More re-
ently, researchers have focused on the virtual element method (VEM),
hich has addressed some of the aforementioned challenges encoun-

ered by finite element schemes [19–22] . 
The scaled boundary finite element method (SBFEM) was developed

y Wolf and Song in the mid-1990s [23,24] and has been increasingly
sed for numerical simulations of structures. For example, Goswami
25] , Hell [26] , and Saputra et al. [27] used SBFEM to conduct three-
imension crack analysis. Man et al. [28] used this method to simulate
late bending, and Lin et al. [29] conducted a sloshing analysis of liq-
id storage tanks. An alternative hydrodynamic pressure method for a
igh concrete-faced rockfill dam has also been proposed [30] . Birk and
ehnke [31] modelled dynamic soil-structure interactions in layered soil
sing a modified SBFEM. This method was also used to simulate elec-
rostatic problems [32,33] , short-crested wave interactions [34] and the
ime-domain analyses of the layered soil [35] . Novel consistent analy-
is approach for uniform beams [36] , nonlinear analysis application in
wo-dimensional geotechnical structures [37] and error study of West-
rgaard’s approximation using SBFEM [38] are emerged, too. Discreti-
ation is conducted only at the boundary surface, and each face can
e treated as a sub-element in each volume element, thus making the
BFEM easy to formulate for a polyhedral element. More recently, Liu
t al. [39] developed a rapid automatic polyhedral mesh generation and
caled boundary finite element analysis. In this research, the octree mesh
echnique was adopted, and the two-dimensional isoparametric element
as utilised for each face element. However, each face is still restricted

o being either a triangle or quadrangle, and additional efforts are re-
uired to manage the hanging nodes, which may exceed the capacity
f the method to manage general polyhedrons. This method will have
reater influence if the hanging nodes are free from addressing. 

In 1975, Wachspress [40] developed polygonal finite elements with
n arbitrary number of sides. Subsequently, Meyer et al. [41] and Floater
t al. [42] generalised these elements to arbitrarily shaped polygons
sing the concept of barycentric and mean-value coordinates. Voronoi
iagrams and natural neighbour shape functions were considered to
evelop conforming polygon elements [43] . Recently, an alternative
ethod using the maximum entropy approach [44] to formulate polyg-

nal shape functions was also studied [45,46] . In summary, polygo-
al shape functions have reached a level of maturity that provides a
owerful technique for formulating a general polyhedral element using
BFEM. 

Based on previous studies, a more distinct three-dimensional polyhe-
ral scaled boundary finite element method (PSBFEM3D) is proposed.
he shape function of the boundary face elements is constructed using
he mean-value coordinates instead of an isoparametric element. Subse-
uently, the solution process is identical to that of the SBFEM, which is
escribed in detail in Section 3 . The proposed method is easy to formu-
ate and implement in a program. More importantly, the difficulties in
alculating the shape functions and their gradients are significantly de-
reased compared with polyhedral FEM. In addition, this method can be
eamlessly combined with efficient octree meshing, which is more ad-
antageous for rapid adaptive modelling. The PSBFEM3D offers appeal-
ng universality and is efficient for managing a cross-scale or multi-scale
esh. This method may have significant potential for use in practical

pplications. 
The remainder of this paper is organised as follows. A brief the-

retical derivation of the mean-value shape function is introduced in
ection 2 . Section 3 describes the scaled boundary polyhedron for-
ulation for a polyhedral element. The development platform of the
88 
roposed algorithm is introduced in Section 4 . The reliability of the
rocedure is validated using four numerical examples in Section 5 .
ection 6 summarises the major conclusions that can be drawn from
his study. 

. Mean-value shape functions on polygons 

The mean-value shape function is a type of polygon function in which
he interpolant is simpler and computationally attractive. The desirable
roperties for finite element interpolants indicated in reference [43] are
atisfied, and the proof was presented in that previous study. Here, we
riefly discuss the formulation of the mean-value shape functions on
eneral polygon elements, and the reader can refer to [43] for a more
etailed description. The linearly precise mean-value coordinate is writ-
en as [47] 

 𝑖 ( 𝐱 ) = 

𝑤 𝑖 ( 𝐱 ) ∑𝑛 

𝑗=1 𝑤 𝑗 ( 𝐱 ) 
(2.1)

 𝑖 ( 𝐱) = 

tan ( 𝛼𝑖 −1 ∕2) + tan ( 𝛼𝑖 ∕2) ‖‖𝐱 − 𝐱 𝑖 ‖‖ (2.2)

an ( 𝛼𝑖 ∕2) = 

sin 𝛼𝑖 
1 + cos 𝛼𝑖 

(2.3)

here w i ( x ) is the mean-value weight function, || x-x i || is the Euclidean
istance between p and p i ( Fig. 1 ), point p is set as the geometric centre,
nd n is the number of vertices. The mean-value shape functions can be
eadily computed by substituting Eqs. (2.3) and ( 2.2 ) into ( 2.1 ). Notably,
he formulation is also applicable to a non-convex polygon. 

Typically, the mean-value shape functions are derived in the physi-
al x -coordinate itself. To improve the SBFEM and to simplify the inte-
ral, a technique to construct conforming approximations on polygons
s described using mean-value shape functions. Similar to isoparametric
lements, the shape function is defined on a canonical element with lo-
al coordinates 𝝃≡( 𝜉1 , 𝜉2 ) ∈R 0 . The canonical elements are given for
 triangle, quadrangle, pentagon and hexagon and are illustrated in
ig. 2 . The nodes lie on the same circumcircle in each case, and the
eometric centre is located in the centre of the circumcircle; hence, all
ertices of the polygon are natural neighbours for any point in R 0 . The
ertical coordinates of an n -gon are expressed as (cos2 𝜋/ n , sin2 𝜋/ n ),
cos4 𝜋/ n , sin4 𝜋/ n ),…, and (1, 0). Then, the shape function can first
e defined using the reference coordinate system. Subsequently, each
rbitrary polygon can be transformed into corresponding canonical ele-
ents using the isoparametric mapping function N . The mapping for a
entagonal element is illustrated in Fig. 3 . 
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Fig. 2. Canonical elements: (a) triangle, (b) quadrangle, (c) pentagon, and (d) hexagon. 

Fig. 3. Isoparametric mapping. 
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. Formulation of the polyhedral scaled boundary finite element 

ethod 

.1. Selection of element types for the discretisation boundary 

The SBFEM inherits the concept of discretisation from FEM. Simi-
arly, the plane isoparametric element is adopted for boundary elements
n the existing SBFEM. Only two options are available for the element: a
riangle or quadrangle. This element library may be sufficient for many
pplication, but there is still room for improvement for a more general,
fficient and robust method. 

The discretisation is only conducted on the boundary in SBFEM.
hus, for a three-dimensional problem, only plane element interpolant
unctions are required. Additionally, the polygonal elements have been
eveloped for decades, which provide more flexibility for the shape of
lements. These two methods have been evolving in parallel and not pre-
iously been combined. Generally, interdisciplinary studies bring about
nexpected superiority. Thus, this paper explores combining these two
ighly complementary techniques. The boundary interpolation is ac-
omplished using polygon mean-value shape functions, which are pre-
alculated using an external code and imported into the main program
s constants. Subsequently, the polyhedron shape functions are con-
tructed using SBFEM. 

Compared with the existing method, the modified SBFEM offers a
ore abundant element library, which is illustrated in Fig. 5 . This pro-
osed method is more universal and more efficient; for instance, when
he number of element sides exceeds four, extra effort is needed to sat-
89 
sfy the demands of the traditional method (the shape must be a triangle
r quadrangle). Therefore, more boundary face elements and nodes are
enerated, increasing the computational burden. A representative draw-
ng is presented in Fig. 4 . 

Obviously, the polygonal boundary elements can be used as con-
eniently as the conventional plane triangle and quadrangle elements,
nd the cumbersome aspects of the existing SBFEM are eliminated in the
odified SBFEM. Moreover, using the modified SBFEM would improve

he computational efficiency for a large-scale simulation, as the faces
f the boundary elements and the degrees of freedom (DOFs) could be
ecreased significantly. A typical comparison is shown in Table 1 , con-
idering polygonal boundary elements containing hanging nodes. 

.2. Polygonal shape function and its derivative for boundary elements 

A considerable amount of literature has been published on improving
he SBFEM over the past several years. Repetitive formulations are omit-
ed in this paper, and only a few vital equations are discussed. Here, the
hape functions and matching derivatives are introduced. First, the simi-

arity is addressed in the context of a solid element. A three-dimensional
lement with discretised boundary surfaces, as shown in Fig. 6 , is used
s an example. A similarity centre, denoted O , is selected at the geomet-
ic centre, and the entire boundary must be directly visible from this
oint. 

In contrast to the existing SBFEM, for each face element, the domain
s interpolated using a polygonal shape function N formulated with local
oordinates ( 𝜉1 , 𝜉2 ), as discussed in Section 2 . ( 𝜉1 , 𝜉2 ) can be called the
caled boundary coordinates. Then, the coordinates can be written as 

 ( 𝜉1 , 𝜉2 ) = 𝑵 ( 𝜉1 , 𝜉2 ) 𝐱 
 ( 𝜉1 , 𝜉2 ) = 𝑵 ( 𝜉1 , 𝜉2 ) 𝐲 
 ( 𝜉1 , 𝜉2 ) = 𝑵 ( 𝜉1 , 𝜉2 ) 𝐳 

(3.1) 

here x, y , and z are the coordinate vectors of the nodes on the bound-
ry. The geometry of a pyramid can be described by scaling the bound-
ry with a dimensionless radial coordinate 𝜉 connecting the scaling cen-
re O ( ̂𝑥 0 , ̂𝑦 0 , ̂𝑧 0 ) and the boundary nodes. The radial coordinate 𝜉 varies
rom 0 at the scaling centre to 1 at the boundary. Therefore, the scaled
uter image of the boundary is obtained by scaling the Cartesian coor-
inates of the boundary with the same scaling factor 𝜉, which can be
xpressed as 

̂ ( 𝜉, 𝜉1 , 𝜉2 ) = 𝜉𝑵 ( 𝜉1 , 𝜉2 ) 𝐱 + 𝑥̂ 0 
̂ ( 𝜉, 𝜉1 , 𝜉2 ) = 𝜉𝑵 ( 𝜉1 , 𝜉2 ) 𝐲 + 𝑦̂ 0 
̂ ( 𝜉, 𝜉1 , 𝜉2 ) = 𝜉𝑵 ( 𝜉1 , 𝜉2 ) 𝐳 + 𝑧̂ 0 

(3.2) 

 𝜉, 𝜉1 , 𝜉2 ) are called the scaled boundary coordinates in a three-
imensional domain. The change in coordinates from ( ̂𝑥 , ̂𝑦 , ̂𝑧 ) to ( 𝜉, 𝜉1 ,

2 ) is called the scaled boundary transformation . 
The isoparametric mapping 𝑥 ( 𝜉) = 

∑𝑛 

𝑖 =1 𝑁 𝑖 ( 𝜉) 𝑥 𝑖 was adopted, and a
tandard procedure was applied to accomplish the transformation, as
n the FEM. To obtain the shape function derivatives in the physical
oordinate system x ≡ (x 1 , x 2 ,…x n ), the Jacobian matrix of the transfor-
ation J m 

= 𝜕 x / 𝜕 𝜉 is first required. The derivatives can be formulated
s ∇ 𝑁 𝑖 = 𝑱 −1 

𝑚 
∇ 𝜉𝑁 

𝑚 
𝑖 

, where ∇ 𝜉 denotes the gradient with respect to the
eference coordinates. Finally, the Jacobian matrix and determinant on
he face element can be expressed as 

 𝑱 𝑚 ( 𝜉1 , 𝜉2 )] = 

⎡ ⎢ ⎢ ⎣ 
𝑥 ( 𝜉1 , 𝜉2 ) 𝑦 ( 𝜉1 , 𝜉2 ) 𝑧 ( 𝜉1 , 𝜉2 ) 
𝑥 ( 𝜉1 , 𝜉2 ) , 𝜉1 𝑦 ( 𝜉1 , 𝜉2 ) , 𝜉1 𝑧 ( 𝜉1 , 𝜉2 ) , 𝜉1 
𝑥 ( 𝜉1 , 𝜉2 ) , 𝜉2 𝑦 ( 𝜉1 , 𝜉2 ) , 𝜉2 𝑧 ( 𝜉1 , 𝜉2 ) , 𝜉2 

⎤ ⎥ ⎥ ⎦ (3.3a)

𝑱 𝑚 ( 𝜉1 , 𝜉2 ) || = 𝑥 ( 𝑦 , 𝜉1 𝑧 , 𝜉2 − 𝑧 , 𝜉1 
𝑦 , 𝜉2 

) + 𝑦 ( 𝑧 , 𝜉1 𝑥 , 𝜉2 − 𝑥 , 𝜉1 
𝑧 , 𝜉2 

) 

+ 𝑧 ( 𝑥 , 𝜉1 𝑦 , 𝜉2 − 𝑦 , 𝜉1 
𝑥 , 𝜉2 

) (3.3b) 

here the derivatives can be expressed as 

 ( 𝜉1 , 𝜉2 ) , 𝜉1 = 𝑁 ( 𝜉1 , 𝜉2 ) , 𝜉1 𝐱 
 ( 𝜉1 , 𝜉2 ) , 𝜉1 = 𝑁 ( 𝜉1 , 𝜉2 ) , 𝜉1 𝐲 
 ( 𝜉1 , 𝜉2 ) , 𝜉1 = 𝑁 ( 𝜉1 , 𝜉2 ) , 𝜉1 𝐳 

(3.4a) 



D. Zou et al. Engineering Analysis with Boundary Elements 84 (2017) 87–107 

Fig. 4. Comparison of the representative strategies for managing polygonal boundary elements: (a) pentagon, (b) hexagon, (c) heptagon, and (d) octagon. 

Table 1 

Comparison of faces and nodes in the polygonal boundary element (with hanging nodes) in two 

methods. 

Content Method Pentagon Hexagon Heptagon Octagon 

Faces Existing SBFEM 5 2 or 5 4 4 

Modified SBFEM 1 1 1 1 

Increase in faces – 4 1 or 4 3 3 

Nodes Existing SBFEM 6 6 or 7 7 9 

Modified SBFEM 5 6 7 8 

Increase in nodes – 1 0 or 1 0 0 
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i  

m  

f  

m  
 ( 𝜉1 , 𝜉2 ) , 𝜉2 = 𝑵 ( 𝜉1 , 𝜉2 ) , 𝜉2 𝐱 
 ( 𝜉1 , 𝜉2 ) , 𝜉2 = 𝑵 ( 𝜉1 , 𝜉2 ) , 𝜉2 𝐲 
 ( 𝜉1 , 𝜉2 ) , 𝜉2 = 𝑵 ( 𝜉1 , 𝜉2 ) , 𝜉2 𝐳 

(3.4b)

The Jacobian matrix can be alternatively expressed as 

 𝑱 𝑚 ( 𝜉1 , 𝜉2 )] = 

⎡ ⎢ ⎢ ⎣ 
𝑵 ( 𝜉1 , 𝜉2 ) 
𝑵 ( 𝜉1 , 𝜉2 ) , 𝜉1 
𝑵 ( 𝜉1 , 𝜉2 ) , 𝜉2 

⎤ ⎥ ⎥ ⎦ [ 𝐱 𝐲 𝐳 ] (3.5)

here LDu denotes the gradients of the shape functions with respect to
he reference coordinates and is written as 
90 
 𝑫 𝒖 = 

⎡ ⎢ ⎢ ⎣ 
𝑵 ( 𝜉1 , 𝜉2 ) 
𝑵 ( 𝜉1 , 𝜉2 ) , 𝜉1 
𝑵 ( 𝜉1 , 𝜉2 ) , 𝜉2 

⎤ ⎥ ⎥ ⎦ (3.6)

.3. Nodal displacement functions in the radial direction 

One of the appealing characteristics of the SBFEM is that the solution
s analytical in the radial direction. To this end, a radial nodal displace-
ent function u ( 𝜉) is introduced along the radial lines, where 𝜉 varies

rom 0 to 1 from the scaling centre to the boundary. The nodal displace-
ents on the boundary can be expressed as { u ( 𝜉 = 1)} = u , which can be
b 
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Fig. 5. The comparison of the element library for the discretisation boundary. 
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valuated from the equilibrium equation. Each direction of the displace-
ent components is also defined in the original Cartesian coordinates.
he mean-value polygon displacement model is used to interpolate the
oundary displacement. 

For three-dimensional problems, the displacement components at a
oint ( 𝜉, 𝜉1 , 𝜉2 ) inside a pyramid are interpolated from the displacement
unction u ( 𝜉), which is written as shown in Eq. (3.13) , where I is the 3 ×3
dentity matrix and N i ( i = 1,2,3…n ) is the nodal interpolated function
n a canonical isoparametric element. The expression of the polygonal
hape function is extremely complex; therefore, the description is not
xpanded here. 

 ( 𝜉, 𝜉1 , 𝜉2 ) = 𝑵 

𝑢 ( 𝜉1 , 𝜉2 ) 𝒖 ( 𝜉) (3.7a)

 

𝑢 ( 𝜉1 , 𝜉2 ) = [ 𝑁 1 𝑰 , 𝑁 2 𝑰 , 𝑁 3 𝑰 , 𝑁 4 𝑰 ⋯ 𝑁 𝑛 𝑰 ] (3.7b)

.4. Polyhedral element shape functions based on SBFEM 

The variational principle is introduced to derive the scaled boundary
nite element equation in the nodal displacement function u ( 𝜉). Accord-

ng to reference [20] , the equilibrium equation can be expressed as 

 0 𝜉
2 𝒖 ( 𝜉) ,𝜉𝜉 + (2 𝑬 0 + 𝑬 

𝑇 
1 − 𝑬 1 ) 𝜉𝒖 ( 𝜉) ,𝜉 + ( 𝑬 

𝑇 
1 − 𝑬 2 ) 𝒖 ( 𝜉) + 𝑭 ( 𝜉) = 0 (3.8)
91 
here the coefficient matrices E 0 , E 1 , and E 2 are intermediate variables
hat depend on only the geometry and material properties of the do-
ain and are evaluated on the face elements and assembled over the
iscretised polyhedron boundary. F ( 𝜉) is a load vector, and only the
ontributions from body loads are considered in this paper. Then, the
quation can be rewritten as 

 0 𝜉
2 𝒖 ( 𝜉) ,𝜉𝜉 + (2 𝑬 0 + 𝑬 

𝑇 
1 − 𝑬 1 ) 𝜉𝒖 ( 𝜉) ,𝜉 + ( 𝑬 

𝑇 
1 − 𝑬 2 ) 𝒖 ( 𝜉) = 0 (3.9)

nd the coefficient matrices and mass matrix can be expressed as 

 0 = ∫
+1 

−1 ∫
+1 

−1 
𝑩 

𝑇 
1 𝑫 𝑩 1 ||𝑱 𝑚 ||𝑑 𝜉1 𝑑 𝜉2 (3.10a) 

 1 = ∫
+1 

−1 ∫
+1 

−1 
𝑩 

𝑇 
2 𝑫 𝑩 1 ||𝑱 𝑚 ||𝑑 𝜉1 𝑑 𝜉2 (3.10b) 

 2 = ∫
+1 

−1 ∫
+1 

−1 
𝑩 

𝑇 
2 𝑫 𝑩 2 ||𝑱 𝑚 ||𝑑 𝜉1 𝑑 𝜉2 (3.10c) 

 0 = ∫
+1 

−1 ∫
+1 

−1 
𝜌𝑵 

𝑇 𝑵 

||𝑱 𝑚 ||𝑑 𝜉1 𝑑 𝜉2 (3.10d) 

 ( 𝜉 , 𝜉 ) = 𝒃 ( 𝜉 , 𝜉 ) 𝑵 

𝑢 ( 𝜉 , 𝜉 ) (3.10e)
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Fig. 6. Scaling centre O and isoparametric mapping in a three-dimensional polyhedral scaled boundary element. 

Fig. 7. Numerical integration in a three-dimensional polyhedral scaled boundary element. 
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𝜉  
 2 ( 𝜉1 , 𝜉2 ) = 𝒃 2 ( 𝜉1 , 𝜉2 ) 𝑵 

𝑢 ( 𝜉1 , 𝜉2 ) , 𝜉1 + 𝒃 3 ( 𝜉1 , 𝜉2 ) 𝑵 

𝑢 ( 𝜉1 , 𝜉2 ) , 𝜉2 (3.10f)

here B 1 and B 2 are strain-displacement transition matrices derived
rom the polygonal shape function N and Jacobian matrix on the bound-
ry, b i ( i = 1,2,3) can be referred in literature [48] and D is the consti-
utive matrix. 

The numerical integration can be performed by sub-dividing the
anonical element into triangles and using the standard quadrature rules
n each triangle. The divided sub-triangles are used solely for numerical
ntegration. The diagram is illustrated in Fig. 7 , where N 

FEM is the linear
riangle shape function, as in the FEM. 
92 
Eq. (3.9) is a linear second-order matrix-form ordinary differential
quation (ODE), where the nodal displacement function u ( 𝜉) can be an-
lytically derived in the radial direction. The detailed procedure for this
olution is described in reference [24] . In order to solve the SBFEM equa-
ion, a variable X ( 𝜉) which incorporate the nodal displacement function
 ( 𝜉) and the nodal force function q ( 𝜉) is introduced. 

 ( 𝜉) = 

{ 

𝜉0 . 5 𝒖 ( 𝜉) 
𝜉−0 . 5 𝒒 ( 𝜉) 

} 

(3.11)

The operation yields the first-order ODE 

𝑿 ( 𝜉) ,𝜉 = − 𝒁 𝑿 ( 𝜉) (3.12)
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Table 2 

Mean-value coordinates of the evaluated points (4-digit precision). 

Coordinates 1 2 3 4 5 

𝜉1 0.7182 0.2182 0.3727 0.0712 − 0.0833 

𝜉2 0.1585 0.1585 0.6340 0.7320 0.2565 

Coordinates 6 7 8 9 10 

𝜉1 − 0.4878 − 0.6742 − 0.2697 − 0.6742 − 0.4878 

𝜉2 0.5504 0.2939 0.0000 − 0.2939 − 0.5504 

Coordinates 11 12 13 14 15 

𝜉1 − 0.0833 0.0712 0.3727 0.2182 0.7182 

𝜉2 − 0.2565 − 0.7320 − 0.6340 − 0.1585 − 0.1585 
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Fig. 8. Mean-value coordinates at point p. 

Table 3 

Value of the mean-value shape function at the evaluated points (4- 

digit precision). 

Points A B C D E 

1 0.2200 0.0268 0.0239 0.0551 0.6741 

2 0.2936 0.1501 0.1126 0.1501 0.2936 

3 0.6741 0.0551 0.0239 0.0268 0.2200 

4 0.6741 0.2200 0.0268 0.0239 0.0551 

5 0.2936 0.2936 0.1501 0.1126 0.1501 

6 0.2200 0.6741 0.0551 0.0239 0.0268 

7 0.0157 0.7283 0.2393 0.0089 0.0079 

8 0.1501 0.2936 0.2936 0.1501 0.1126 

9 0.0089 0.2393 0.7283 0.0157 0.0079 

10 0.0239 0.0551 0.6741 0.2200 0.0268 

11 0.1126 0.1501 0.2936 0.2936 0.1501 

12 0.0239 0.0268 0.2200 0.6741 0.0551 

13 0.0268 0.0239 0.0551 0.6741 0.2200 

14 0.1501 0.1126 0.1501 0.2936 0.2936 

15 0.0551 0.0239 0.0268 0.2200 0.6741 
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here Z is a Hamiltonian matrix, which is formulated with the coeffi-
ient matrices E i ( i = 0,1,2) and the identity matrix I . 

 = 

[ 
𝑬 

−1 
0 𝑬 

𝑇 
1 − 0 . 5 𝑰 − 𝑬 

−1 
0 

− 𝑬 2 + 𝑬 1 𝑬 

−1 
0 𝑬 

𝑇 
1 −( 𝑬 1 𝑬 

−1 
0 − 0 . 5 𝑰 ) 

] 
(3.13) 

Using eigenvalue decomposition, the matrix Z can be decoupled into
airs of eigenvalues 𝜆i and − 𝜆i , and the standard eigenvalue problem
ecessary for a polyhedron is formulated as 

 

[ 
𝝍 𝑢 

𝝍 𝑞 

] 
= 

[ 
𝝍 𝑢 

𝝍 𝑞 

] 
𝑺 𝑛 (3.14) 

here the S n is a diagonal matrix and the entries are composed of the
eal parts of the eigenvalues. The parameters 𝝍 u and 𝝍 q are modal dis-
lacements and forces, respectively, depending on the DOFs of the sur-
ace elements. For a bounded polyhedron, the interpolation function in
he radial direction and the internal force vector can be expressed as 

 ( 𝜉) = 𝝍 𝑢 𝜉
− 𝑺 𝑛 −0 . 5 𝝍 

−1 
𝑢 
𝒖 𝑏 (3.15a)

 ( 𝜉) = 𝝍 𝑞 𝜉
− 𝑺 𝑛 −0 . 5 𝝍 

−1 
𝑢 
𝒖 𝑏 (3.15b)

Finally, the displacement field u ( 𝜉, 𝜉1 , 𝜉2 ) for the polyhedral ele-
ent is evaluated by substituting Eq. (3.15a) into Eq. (3.7a) , and the

ormulation can be expressed in terms of u b : 

 ( 𝜉, 𝜉1 , 𝜉2 ) = 

(
𝑁 

𝑢 ( 𝜉1 , 𝜉2 ) 𝝍 𝑢 𝜉
−(0 . 5+ 𝑺 𝑛 ) 𝝍 

−1 
𝑢 

)
𝒖 𝑏 (3.16)

Therefore, the polyhedral element shape function 𝚽( 𝜉, 𝜉1 , 𝜉2 ) for-
ulated for the SBFEM is extracted as 

( 𝜉, 𝜉1 , 𝜉2 ) = 𝑁 

𝑢 ( 𝜉1 , 𝜉2 ) 𝝍 𝑢 𝜉
−(0 . 5+ 𝑺 𝑛 ) 𝝍 

−1 
𝑢 

(3.17)

Additionally, the stiffness matrix K can be derived from
q. (3.15) and is formulated as 

 = 𝝍 𝑞 𝝍 

−1 
𝑢 

(3.18) 

The polyhedral element shape functions can be readily computed
nce the polygonal shape function is known. More importantly, all that
s needed is the calculated value of the polygonal shape function and the
orresponding derivatives, which are calculated at the integral points
nstead of using the expression, making the computation simpler. 

In this paper, the value of the polygonal shape function N and the
orresponding derivatives LDu were calculated using an external MAT-
AB code, which significantly simplified the expression of the polyhe-
ral element shape functions 𝚽( 𝜉, 𝜉1 , 𝜉2 ), the stiffness matrix K , and the
oefficient matrix used in the SBFEM. Therefore, the presented polyhe-
ral element does not require a complex integration expression and the
omputational efficiency would be enhanced compared with other poly-
edral FEMs. 

Here, a few calculated values in the shape functions and derivatives
Du are mentioned to provide the reader with a general understanding.
 convex five-node canonical element was adopted as an example with

he following nodal coordinates (4-digit precision): (0.3090, 0.9511),
 − 0.8090, 0.5878), ( − 0.8090, − 0.5878), (0.3090, − 0.9511) and (1, 0).
he mean-value coordinates of all the evaluated points are given in
able 2 , and a representative point p with coordinates (0.2182, 0.1585)
93 
s plotted in Fig. 8 . Then, the domain is triangulated with p as an inter-
al point. The polygonal shape functions and derivatives can be com-
uted by substituting these known variables, and the results are listed in
ables 3 and 4 . 

.5. Strain and stress fields 

The radial analytical displacement function u ( 𝜉) can be obtained
rom the aforementioned derivation. By combining the strain field for-
ulation provided by Wolf [24] , the strain field of a polyhedron can be
ritten as 

 ( 𝜉, 𝜉1 , 𝜉2 ) = 

(
𝑩 1 ( 𝜉1 , 𝜉2 ) 𝝍 𝑢 ( 𝑺 𝑛 − 0 . 5) 𝜉−(1 . 5+ 𝑺 𝑛 ) 𝝍 

−1 
𝑢 

)
𝒖 𝑏 

+ 

( 

1 
𝜉
𝑩 2 ( 𝜉1 , 𝜉2 ) 𝝍 𝑢 𝜉

−(0 . 5+ 𝑺 𝑛 ) 𝝍 

−1 
𝑢 

) 

𝒖 𝑏 (3.19) 

Using Hooke’s law, the stress field 𝝈 can be written as 

= 𝑫 𝜺 (3.20) 

here D is the elastic constitutive matrix. Substituting Eq. (3.19) (which
s formulated for the strain field 𝜺 ), the stress field can be immediately
btained. 

. Scaled boundary polyhedron procedure 

The PSBFEM3D is implemented using object-oriented programming
ith Visual C ++ based on the Windows program GEODYNA [49] ; the
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Table 4 

Values of the derivatives at the evaluated points (4-digit precision). 

Points Gradients A B C D E 

1 LDu N i 0.2200 0.0268 0.0239 0.0551 0.6741 

𝜕 N i / 𝜕 𝜉1 − 0.3064 − 0.1686 − 0.1444 − 0.3214 0.9408 

𝜕 N i / 𝜕 𝜉2 0.7238 − 0.0724 − 0.0809 − 0.3224 − 0.2480 

2 LDu N i 0.2936 0.1501 0.1126 0.1501 0.2936 

𝜕 N i / 𝜕 𝜉1 0.0408 − 0.3421 − 0.2110 − 0.0402 0.5524 

𝜕 N i / 𝜕 𝜉2 0.5676 0.0689 − 0.1533 − 0.3466 − 0.1366 

3 LDu N i 0.6741 0.0551 0.0239 0.0268 0.2200 

𝜕 N i / 𝜕 𝜉1 0.0548 − 0.4060 − 0.1216 − 0.1209 0.5936 

𝜕 N i / 𝜕 𝜉2 0.9714 − 0.2060 − 0.1123 − 0.1380 − 0.5151 

4 LDu N i 0.6741 0.2200 0.0268 0.0239 0.0551 

𝜕 N i / 𝜕 𝜉1 0.5266 − 0.7830 0.0168 0.0323 0.2073 

𝜕 N i / 𝜕 𝜉2 0.8181 − 0.0678 − 0.1827 − 0.1623 − 0.4053 

5 LDu N i 0.2936 0.2936 0.1501 0.1126 0.1501 

𝜕 N i / 𝜕 𝜉1 0.3006 − 0.5272 − 0.1712 0.0806 0.3172 

𝜕 N i / 𝜕 𝜉2 0.4832 0.2142 − 0.3040 − 0.2480 − 0.1453 

6 LDu N i 0.2200 0.6741 0.0551 0.0239 0.0268 

𝜕 N i / 𝜕 𝜉1 0.6733 − 0.9069 0.0705 0.0693 0.0938 

𝜕 N i / 𝜕 𝜉2 0.4054 0.3523 − 0.4498 − 0.1503 − 0.1577 

7 LDu N i 0.0157 0.7283 0.2393 0.0089 0.0079 

𝜕 N i / 𝜕 𝜉1 0.3925 − 0.5415 − 0.2399 0.2061 0.1829 

𝜕 N i / 𝜕 𝜉2 0.0154 0.8293 − 0.8316 − 0.0095 − 0.0037 

8 LDu N i 0.1501 0.2936 0.2936 0.1501 0.1126 

𝜕 N i / 𝜕 𝜉1 0.2362 − 0.3666 − 0.3666 0.2362 0.2608 

𝜕 N i / 𝜕 𝜉2 0.2568 0.4352 − 0.4352 − 0.2568 0.0000 

9 LDu N i 0.0089 0.2393 0.7283 0.0157 0.0079 

𝜕 N i / 𝜕 𝜉1 0.2061 − 0.2399 − 0.5415 0.3925 0.1829 

𝜕 N i / 𝜕 𝜉2 0.0095 0.8316 − 0.8293 − 0.0154 0.0037 

10 LDu N i 0.0239 0.0551 0.6741 0.2200 0.0268 

𝜕 N i / 𝜕 𝜉1 0.0693 0.0705 − 0.9069 0.6733 0.0938 

𝜕 N i / 𝜕 𝜉2 0.1503 0.4498 − 0.3523 − 0.4054 0.1577 

11 LDu N i 0.1126 0.1501 0.2936 0.2936 0.1501 

𝜕 N i / 𝜕 𝜉1 0.0806 − 0.1712 − 0.5272 0.3006 0.3172 

𝜕 N i / 𝜕 𝜉2 0.2480 0.3040 − 0.2142 − 0.4832 0.1453 

12 LDu N i 0.0239 0.0268 0.2200 0.6741 0.0551 

𝜕 N i / 𝜕 𝜉1 0.0323 0.0168 − 0.7830 0.5266 0.2073 

𝜕 N i / 𝜕 𝜉2 0.1623 0.1827 0.0678 − 0.8181 0.4053 

13 LDu N i 0.0268 0.0239 0.0551 0.6741 0.2200 

𝜕 N i / 𝜕 𝜉1 − 0.1209 − 0.1216 − 0.4060 0.0548 0.5936 

𝜕 N i / 𝜕 𝜉2 0.1380 0.1123 0.2060 − 0.9714 0.5151 

14 LDu N i 0.1501 0.1126 0.1501 0.2936 0.2936 

𝜕 N i / 𝜕 𝜉1 − 0.0402 − 0.2110 − 0.3421 0.0408 0.5524 

𝜕 N i / 𝜕 𝜉2 0.3466 0.1533 − 0.0689 − 0.5676 0.1366 

15 LDu N i 0.0551 0.0239 0.0268 0.2200 0.6741 

𝜕 N i / 𝜕 𝜉1 − 0.3214 − 0.1444 − 0.1686 − 0.3064 0.9408 

𝜕 N i / 𝜕 𝜉2 0.3224 0.0809 0.0724 − 0.7238 0.2480 
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SBFEM3D program was developed by the first author. Multi-core par-
llel and GPU technology were used in the GEODYNA program, which
rovides the computational capacity to handle large-scale analysis, in-
luding millions of DOFs. 

. Numerical example 

This section describes the numerical simulations used to evaluate the
erformance of polyhedral discretisation using the coupled SBFEM. This
ection is divided into three subsections. First, a shear-loaded beam is
nvestigated using general polyhedral elements. Second, a beam with
ure torsion forces is similarly investigated. Third, an octree grid is
nvestigated through repeated cantilever numerical studies, and three
omplicated structural simulations are performed. 

.1. Shear-loaded beam 

A cantilever beam loaded in shear was studied to evaluate the
erformance of PSBFEM3D; the domain R for this problem was
94 
 − 1,1) × ( − 1,1) × (0, L ), as illustrated in Fig. 9 . The load was constant
ractions given by S = [0, − F , 0] T on the free surface. To compare the
erformance of our method with findings from the literature, we used
he expressions for stresses available in Barber [50] , which are written
s 

11 = 𝝈22 = 𝝈12 = 0 (5.1a)

33 = 

3 𝐹 
4 

𝑥𝑧 (5.1b)

31 = 

3 𝐹 𝜐
2 𝜋2 (1 + 𝜐) 

∞∑
𝑛 =1 

(−1) 𝑛 

𝑛 2 cosh ( 𝑛𝜋) 
sin ( 𝑛𝜋𝑥 ) sinh ( 𝑛𝜋𝑦 ) (5.1c)

23 = 

3 𝐹 (1 − 𝑦 2 ) 
8 

+ 

𝐹 𝜐(3 𝑥 2 − 1) 
8(1 + 𝜐) 

− 

3 𝐹 𝜐
2 𝜋2 (1 + 𝜐) 

∞∑
𝑛 =1 

(−1) 𝑛 

𝑛 2 cosh ( 𝑛𝜋) 
cos ( 𝑛𝜋𝑥 ) cosh ( 𝑛𝜋𝑦 ) (5.1d) 

The displacement fields corresponding to these stresses up to rigid
ody motion are 

 1 = − 

3 𝐹 𝜐
4 𝐸 

𝑥𝑦𝑧 (5.2a)
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Fig. 9. Shear-loaded beam of length L with a rectangular cross section of width 2 a and height 2 b. 

Table 5 

Relative error for a beam under a shear load at different mesh levels (3-digit precision). 

Mesh Elements Nodes Faces Displacement(m) Relative error 

(| u - u ∗ |/ u ∗ ) 

Mesh (a) 91 440 528 1.037 0.028 

Mesh (b) 236 1232 1465 1.024 0.015 

Mesh (c) 367 1845 2209 1.015 0.006 

Mesh (d) 842 4394 5233 1.010 0.001 
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Table 6 

Relative error for a beam under torsion at different mesh levels (3-digit precision). 

Mesh Elements Nodes Faces Displacement(m) Relative error 

(| u - u ∗ |/ u ∗ ) 

Mesh (a) 91 440 528 − 0.114 0.092 

Mesh (b) 236 1232 1465 − 0.108 0.036 

Mesh (c) 367 1845 2209 − 0.105 0.014 

Mesh (d) 842 4394 5233 − 0.104 0.004 
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 2 = 

𝐹 

8 𝐸 

[3 𝜐𝑧 ( 𝑥 2 − 𝑦 2 ) − 𝑧 3 ] (5.2b)

 3 = 

𝐹 

8 𝐸 

[3 𝑦 𝑧 2 + 𝜐𝑦 ( 𝑦 2 − 3 𝑥 2 )] + 

2(1 + 𝜐) 
𝐸 

𝑧 ( 𝑦 ) (5.2c)

here z ( y ) is the anti-derivative of 𝝈23 with respect to y . In the present
umerical study, the length of the beam was 10, the shear load was taken
s F = 0.1, and the material was taken to be homogeneous and isotropic
ith a Young’s modulus of E = 25 and a Poisson’s ratio of 𝜐= 0.3. 

The beam is fixed at one end, where the coordinate z is zero. The
oading condition due to an end shear load is considered to capture
he universality of the proposed method. The mesh type is an arbitrary
olyhedral mesh, and four levels of mesh refinement are considered for
he grid, as shown in Fig. 10 . Fig. 11 shows a cutaway view and a few
epresentative polyhedral elements of one grid level. The number of
lements, nodes and faces are listed in Table 5 . 

Fig. 12 shows the displacements in the y -direction for the four levels
f mesh refinement. The deformation pattern was consistent for all four
esh levels. At the finest mesh level, the displacements were closest

o the theoretical asymptotic value. The relative errors of the displace-
ents in the y -direction are listed in Table 3 , where u is the calculated

alue and u ∗ is the theoretical asymptotic value. The error decreased
ith an increasing number of elements. This result demonstrates that

he presented method is reasonable and verifies its accuracy. 

.2. Pure torsion 

To investigate the applicability of the PSBFEM3D for simulating elas-
ic torsion problems, numerical studies were conducted considering the
eformation of the same beam in a torsion state. The analytical displace-
ents for this problem up to rigid body motion are given by [50] 

 = − 𝛽𝑦𝑧 (5.3a)
1 

95 
 2 = − 𝛽𝑧𝑥 (5.3b)

 3 = 𝛽

( 

𝑥𝑦 + 

∞∑
𝑛 =1 

32 (−1) 𝑛 

𝜋3 (2 𝑛 − 1) 3 cosh [(2 𝑛 − 1) 𝜋∕2] 

× sin [(2 𝑛 − 1) 𝜋𝑥 ∕2] sinh [(2 𝑛 − 1) 𝜋𝑦 ∕2] 

) 

(5.3c) 

here 𝛽 is the twist per unit length, which is proportional to the applied
orque. In this numerical study, 𝛽 = 0.1, and the displacement boundary
onditions were applied to the face at z = 0. 

Fig. 13 shows the beam deformation and displacements in the
 -direction generated under the torsional load for different mesh lev-
ls. 

The relative errors of the displacements in the y -direction are listed
n Table 6 ; this table shows that the error decreased with an increasing
umber of elements. 

Compared with standard elements, which are widely used in compu-
ational fluid dynamics, the polyhedral elements are more flexible for
odelling and offer many advantages. However, these cells are clearly
ot allowed in the existing SBFEM. 

.3. Octree grid investigation 

The octree is a hierarchical tree-like data structure used to quickly
enerate a high-quality structural mesh. Due to the limited number of
atterns in the octree decomposition, the stiffness and mass matrices of
hese cubic octants can be pre-computed and stored for quick retrieval.
he stiffness and mass matrices of two similar cubic octants with differ-
nt sizes are simply scalar multiples. This is a powerful technique for a
apid, adaptive design-to-analysis simulation for engineering structures.
he readers are referred to the literature [27,39] for more detailed de-
criptions. 
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Fig. 10. Four levels of polyhedral grid refinement. 

Fig. 11. One level of a polyhedral grid: (a) some representative polyhedrons and (b) a cutaway view. 
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.3.1. Cantilever beam 

Mean-value polygonal shape functions are also applicable to an oc-
ree mesh with hanging nodes. In this section, the applicability of the
ctree mesh is verified by repeating the previous simulations. A similar
tudy was conducted considering elements with hanging nodes, which
ead to a total of 2,056 elements, 3,023 nodes, and 7,100 faces. The
lobal discretisation is illustrated in Fig. 14 , and a corresponding cut-
way view is shown in Fig. 15 . 

Fig. 16 shows a high level of agreement, indicating that the relative
rror was 0.003 in the shear-loaded bending test and 0.004 in the pure
orsion state. Thus, the proposed method performs well in the simulation
sing an octree mesh. In addition, the boundary surfaces with hanging
o

96 
odes do not need to be addressed because an arbitrary number of ver-
ices are allowed in the face elements. Therefore, the proposed method
s more advantageous than the existing SBFEM in a rapid adaptive anal-
sis using octree mesh. 

.3.2. Sculptures of Terra-Cotta Warriors 

The next two examples are sculptures that are fixed on the bot-
om, for which only the self-weight is considered. The first example
s a 3D Studio Max model of the Terra-Cotta Warriors sculptures that
as found online [51] . The material properties of clay are considered

o be the following: mass density of 𝜌= 2350 kg/m 

3 , Young’s modulus
f E = 0.05 GPa and Poisson’s ratio of 𝜐= 0.3. 
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Fig. 12. Shear-loaded beam with a deformed shape. The colours indicate the magnitude of the displacement in the y -direction. (For interpretation of the references to colour in this 

figure legend, the reader is referred to the web version of this article). 

Fig. 13. Pure beam torsion with a deformed shape. The colours indicate the magnitude of the displacement in the y -direction. (For interpretation of the references to colour in this figure 

legend, the reader is referred to the web version of this article). 
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Table 7 

The element information statistics of the Terra-Cotta Warriors model using the existing SBFEM. 

Shapes of boundary face elements Faces Additional required nodes Additional required faces 

Triangle 56,340 – –

Quadrangle 440,260 – –

Pentagon 36,833 36,833 277,028 

Hexagon 10,384 10,384 77,685 

Heptagon 148 0 767 

Octagon 19 19 86 

Sum – 47,236 355,566 

Table 8 

A final element information comparison of this model using the two methods. 

Items Presented SBFEM VS Existing SBFEM Reduction Reduction percentage (%) 

Elements 161,383 161,383 0 0 

Nodes 215,186 262,422 47,236 18.00 

Faces 543,984 899,550 355,566 39.53 

DOF 645,558 787,266 141,708 18.00 

Fig. 14. Global discretisation of the beam using an octree grid. 
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The model can be easily discretised using an octree gen-
rator, as illustrated in Fig. 17 . The sculpture dimensions are
60 ×1200 ×295 mm 

3 . The maximum and minimum element sizes are
et as 32 mm and 2 mm, respectively. The time spent on this discretisa-
ion is only 52.12 s. The element size transition inside the octree mesh
s shown in Fig. 18 , and a partial detail is given. Compared with the
Fig. 15. Representative octree meshing grid: (a) cutawa

98 
xisting SBFEM, no treatments are required for the hanging nodes, and
 contrast diagram is presented. 

The comparison in Table 1 shows that the modified SBFEM offers
ore advantages and superior performance than the existing SBFEM.
able 7 presents a statistical table of the discretised model. As shown

n this table, the vast majority of the boundary faces are quadrangles,
ndicating that most of the elements are hexahedral or cubic; thus, high-
uality elements can be guaranteed. 

As previously mentioned, additional measures need to be taken for
he boundary faces in the existing SBFEM when the element sides exceed
our, resulting in additional DOFs and faces. Figs. 19 and 20 present
chematic diagrams of both methods, and the modified method is shown
o be more concise and superior. Table 8 shows that the model using
he existing SBFEM has 141,708 DOFs and 355,566 faces. These values
an be decreased by using the method presented in this paper, which
omewhat improves the computational efficiency, especially for large-
cale problems. 

Additionally, the displacements along the x-, y- and z -directions are
isplayed in Fig. 21 , where the largest displacement in the y -direction
ccurs in the back-left mode, indicating that the deformation pattern is
etroverted along the left side as this part is hanging without a fulcrum.

.3.3. Sculpture of Sioux Falls Church 

The second example is a 3D printing model of Sioux Falls Church,
hich was downloaded from [52] . The dimensions of the church are
567 ×2100 ×2030 mm 

3 . The maximum and minimum element sizes
re selected as 100 mm and 32 mm, respectively, and 116.17 s is needed
y view and (b) partial detail with a hanging node. 
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Fig. 16. Deformed shape with the octree meshing grid: (a) in a shear-loaded state and (b) in a pure torsion state. 

Fig. 17. The octree polyhedral mesh for the Terra-Cotta Warriors model. 
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Fig. 18. The sectional drawing and partial detail of the model with polyhedral mesh. 

Fig. 19. The schematic diagram of an octree element with hanging nodes used in the existing SBFEM. 

Table 9 

The element information statistics for the Sioux Falls Church model using the existing SBFEM. 

Shapes of boundary face elements Faces Additional required nodes Additional required faces 

Triangle 39,043 – –

Quadrangle 855,312 – –

Pentagon 80,777 80,777 625,869 

Hexagon 12,081 12,081 85,792 

Heptagon 361 0 1,783 

Octagon 44 44 207 

Sum – 92,902 713,653 
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Fig. 20. The schematic diagram of an octree element with hanging nodes used in the modified SBFEM. 

Fig. 21. The distribution of the displacements along three directions in the overall model. 

Table 10 

A final element information comparison of this model using the two methods. 

Items Presented SBFEM VS Existing SBFEM Reduction Reduction percentage (%) 

Elements 286,322 286,322 0 0 

Nodes 413,605 506,507 92,902 18.34 

Faces 987,618 1,701,269 713,651 41.95 

DOF 1,240,815 1,519,521 278,706 18.34 
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o generate all of the octree meshing. The detailed statistical and com-
arison data are listed in Tables 9 and 10 . Clearly, the DOFs and bound-
ry face elements can be greatly reduced by using the method proposed
n this paper. The displacement along the y -direction of the model is
resented in Fig. 22 . This distribution is symmetrical in the x -direction
nd asymmetrical in the z -direction, matching the symmetry of the ge-
metric shape. 

Fig. 23 presents the entire distribution of normal stress along the
 -direction using a deformed octree mesh with a deformation scale fac-
or of 500. The maximum compressive stress appears at the bottom of
he structure, which is in accordance with the general cognitive law. 

To present the inner stress state, two slices with an x -coordinate of
.4167 m and a z -coordinate of 1.6 m are introduced, as illustrated in
igs. 24 and 25 , respectively. Due to the existence of non-uniform set-
lement in this model, the tensile stress emerges along the x -direction
nd z -direction for part of the roof, as shown in the two above illustra-
ions. 
w

101 
.3.4. Nuclear power plant structure 

The last example is a simulation of a nuclear power plant structure.
s an introductory application, this paper considers only the elastic re-
ponse. This example is subjected to self-weight, and only the concrete
tructure and a square foundation are considered in this simulation. The
aterial properties of concrete are considered to be the following: mass
ensity of 𝜌= 2600 kg/m 

3 , Young’s modulus of E = 34.5 GPa and Pois-
on’s ratio of 𝜐= 0.25, and the properties of soil are 𝜌= 1890 kg/m 

3 ,
 = 1.12 GPa and Poisson’s ratio of 𝜐= 0.4. The overall geometry is
hown in Fig. 26 , and interested readers can refer to the literature
53] for a more detailed description of this model. The maximum and
inimum element dimensions are selected as 24 m and 0.38 m, respec-

ively, and the total model takes 137.95 s to perform the mesh gener-
tion. A cutaway view and the major structure meshing are presented
n Fig. 27 , and exhaustive statistical information for the grid is given in
ables 11 and 12 . As shown in these tables, using the proposed SBFEM
an significantly decrease the global DOFs and boundary faces compared

ith the current SBFEM. 
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Fig. 22. The displacement along the y -direction of the whole model with the octree grid. 

Fig. 23. The normal stress along the y -direction of the whole model with the deformed octree grid (the minus sign denotes compressive stress, and the deformation scale factor is 500). 
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Fig. 24. The distribution of normal stress at the yz -slices with an x- coordinate of 0.4167 (the minus sign denotes compressive stress, and the deformation scale factor is 500). 

Fig. 25. The distribution of normal stress at the xy -slices with a z- coordinate of 1.6 (the minus sign denotes compressive stress, and the deformation scale factor is 500). 

Table 11 

The element information statistics of the nuclear power plant model using the existing SBFEM. 

Shapes of boundary face elements Faces Additional required nodes Additional required faces 

Triangle 82,277 – –

Quadrangle 876,568 – –

Pentagon 29,543 29,543 208,942 

Hexagon 2,635 2,635 18,497 

Heptagon 8 0 25 

Octagon 0 0 0 

Sum – 32,178 490,348 

Table 12 

A final element information comparison of this model using the two methods. 

Items Presented SBFEM VS Existing SBFEM Reduction Reduction percentage (%) 

Elements 304,491 304,491 0 0 

Nodes 376,359 408,537 32,178 7.88 

Faces 991,031 1,040,379 490,348 47.13 

DOF 1,129,077 1,225,611 96,534 7.88 
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Fig. 26. Geometry of the nuclear power plant structure. 

Fig. 27. Mesh inside the containment vessel and a detail of the water tank. 
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Fig. 28. The displacement along the y -direction for the whole model with the octree grid. 

Fig. 29. The normal stress along the y -direction for half of the model with the octree grid. 
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Fig. 28 plots the displacement in the y -direction for the model, and
he distribution is incompletely uniformly hierarchical at the equipment
ntake. 

To visualise the results inside the domain, Fig. 29 plots the normal
tress in the y -direction for the whole model. In addition, a correspond-
ng deformed illustration is shown in Fig. 30 . As shown in these figures,
he structure located around the air intake is relatively weak, leading to
artial tensile stress around the intake. Similarly, a stress concentration
t  

105 
sually occurs at the equipment intake, where the maximum compres-
ive stress is observed. 

. Conclusions 

This paper proposed a distinctive universal octree polyhedral scaled
oundary finite element based on mean-value polygonal shape func-
ions. This modelling approach adopts the SBFEM to accomplish the



D. Zou et al. Engineering Analysis with Boundary Elements 84 (2017) 87–107 

Fig. 30. The distribution of normal stress in the y -direction for the deformed mesh (the minus sign denotes compressive stress, and the deformation scale factor is 2000). 
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auss integration and assigns mean-value polygon functions to construct
he shape function for the face elements. In this manner, the advan-
ageous phenomenological nature of the SBFEM and flexible polyhe-
rons is exploited. Polygon face elements can be directly considered in
ach sub-cell without requiring additional treatments. This approach is
rst verified as being capable of predicting the performance of a beam
nder a shear load and under pure torsion. The simulations compare
easonably well with the available analytical solutions. Additionally,
his method can be seamlessly combined with efficient octree mesh-
ng, which is more advantageous in a rapid adaptive modelling process.
he three practical example applications, including two sculptures and
 nuclear power plant structure, use octree discretisation technology to
emonstrate that the proposed method can be applied to more com-
licated geometries. The three primary conclusions from the study are
ummarised below: 

1. Although polyhedral elements are permissible in the existing
SBFEM, the faces are restricted to only quadrangles or triangles,
which could be relatively time consuming for complex geome-
tries. Moreover, more nodes and boundary faces are required
when polygon faces arise in a sub-cell. The proposed method ac-
commodates more general polyhedral shapes, which completely
eliminates the requirement for additional treatments and makes
the method more general, succinct and flexible. 

2. As arbitrary face element geometries are permitted, the enhanced
method is completely free from addressing the hanging nodes on
the boundary surfaces in rapid, adaptive simulations using the oc-
106 
tree mesh. The proposed method is more advantageous and pow-
erful in rapid-design analysis, multi-scale problems and adaptive
local refinement simulations based on the octree generator. 

3. When formulating the polyhedrons using the SBFEM framework,
only polygonal shape functions are allowed for the boundary
surface elements. Therefore, the mean-value polygon functions
and gradients can be pre-computed for the Gauss points. Subse-
quently, the functions can be integrated into the PSBFEM3D pro-
gram, which considers these functions to be constant variables.
Therefore, the extremely complex formulation of the functions
and their gradients is no longer required, which significantly sim-
plifies the integration of the weak form of the governing equation
and is less computationally intense. 

In this paper, polyhedral elements are primarily demonstrated in the
ontext of linear elasticity. It is necessary and meaningful for this ap-
roach to be expanded to nonlinear material fields, which should be an
nteresting direction for future work. 
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